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Let u be the linear mapping of E into itself such that u(x) = ixf. Show that u is self-
adjoint, but is not continuous in E. (Consider the sequence (*n)where xn(t) = (sin nt)/n.)
 2.	Let F be a separable Hilbert space, (en) (n ^ 1) a Hilbert basis of F, v the compact
operator in F such that v(en) = (^ + en)/n (Section 11.2, Problem 3). Let E = y(F),
and let u be the restriction of v to E, which is such that u(E) c E. Show that in the
prehilbert space E, u is a compact operator which has no adjoint.
 3.	(a)   Let E be a complex Hilbert space, /a continuous hermitian form on E x E;
show that there is a constant c such that \f(x,y)\ < c \\x\\ • \\y\\ (cf. (5.5.1)), and
show that there exists a unique continuous hermitian operator U in E such that
f(x,y) = (Ux\y).
(b)	Suppose E is separable, and let (en)»^i be a Hilbert basis for E; let V be
00
the continuous linear operator in E defined by Vei = ^ en/n,  Vet — Q for /> 1,
«=i
and let W= VV*. Let E0 be the subspace of E consisting of the (finite) linear combina-
tions of the en, and let/be the restriction to E0 x E0 of the mapping (x, y) -*(Wx \ y).
Show that / is a continuous hermitian form on E0 x E0, but that there is no linear
operator U in E0 such that /(*, y) — (Ux \ y) in E0 x E0.
(c)	If u is the operator defined in Problem 1, show that the hermitian form
(x, y) -> (u(x) | y) is not continuous in E x E.
4.	Let E be a complex Hilbert space, u a hermitian operator in E. Prove that «is neces-
sarily continuous. (Assume the contrary, and show that it is possible to define by induc-
tion a sequence (xn) of points of E such that ||jcb|| = 1 for every nt and an orthonormal
sequence (en) such that: (1) xn is orthogonal to u(e1)t..., w(en_i); (2) if yn is the
orthogonal projection of u(xn) on the subspace Yn orthogonal to el9...9en-i9 then
\\yn\\>2n3 and  \\yn\\ ^ 2n2 |(«(]S^*/^2) |«»)|; (3> *« = Wib>nll. Then consider the
oo
point x — ]£ xn/n2 in E and obtain a contradiction by showing that \(u(x)\e») \ ^ n
n=i
n-i
for every n\ to do this, decompose x into x'n 4- (xjn2) -f j£, with x'n = V xk/k2 and
k=i
00
x"n =   X  Xk/k2, and use throughout the identity (u(y) \z) = (y\ u(z)) (" method of the
fc=«+l
gliding hump")-) Compare to Problem 3(c) and to (12.16.7).
5.	Let E be a complex prehilbert space; if U, V are two hermitian operators in E, we
write U 5* V if the hermitian operator U — V is positive, i.e. if (Ux \ x) ^ (Vx \ x) for
any x 6 E.
 (a)	Suppose E is a Hilbert space,and there is a number m > 0 such that U^m- 1E.
Show that U is a linear homeomorphism of E onto itself. (First remark  that
\\Ux\\ ^ m \\x\\ for any x e E, hence (Problem 4) that U is a linear homeomorphism
of E onto a closed subspace M of E; next observe that if a point x e E is orthogonal
to M, then x = 0.)
 (b)	Let F be the subspace of the prehilbert space E defined in Problem 1, consisting
of the restrictions to [0,1] of all polynomials with complex coefficients. Let U be the
operator which associates to any polynomial x e F the polynomial (1 + t)x(t). Show
that U is a continuous hermitian operator in F such that U^ 1E» but that £/(F) is
dense in F and distinct from F.
6.	(a)   If U is a positive hermitian operator in a complex prehilbert space E, show that,
for any x e E,
\\Ux\\* ^(Ux\x)(U2x\Ux)
(consider the positive hermitian form (jc, y)-*(Ux\y) and use (6.2.1)).

